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£h '■ Abstract 
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It is shown that Schrodinger dynamics can be embedded in a larger dynam- 

>. 

, ical theory which extends its symmetry group from the unitary group to 

Mi- 
llie full metaplectic group, i.e. the group of linear canonical transformations. 

Among the newly admitted non-unitary processes are analogues of the classi- 
cal measurement process which makes it possible to treat the wave-function 
as an objective property of the quantum mechanical system on the same 



O 



footing as the phase-space coordinates of a classical system. The notion of 
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cr. 



"observables" that in general have values only when measured can then be 
dispensed with, and the measurement paradox disappears. 

Schrodinger dynamics is restricted to unitary transformations. The mea- 
surement paradox arises from the inadequacy of such transformations to ac- 
count for measurement processes. Classical dynamics, on the other hand, 
has no measurement paradox. The task of classical measurement, which 
is to assign phase space coordinates to an object system, can be performed 
through classically describable interactions between object systems and mea- 
suring devices. The simplest such interactions (see below) are one-parameter 
subgroups of the so-called metaplectic 1 group M. which is the group of lin- 
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ear canonical transformations, i.e. linear transformations of phase space that 
leave the Poisson bracket invariant. However, they lie outside of its unitary 
subgroup M. and hence have no analogue in Schrodinger dynamics. Thus 
while one can construct a closed universe governed by classical mechanics, 
it is not possible to construct a closed universe governed by the Schrodinger 
equation. 

In this paper it will be shown that Schrodinger dynamics can be embedded in 
a larger system which extends the available transformations from M to M. 
A quantum mechanical analogue of the classical measurement process then 
appears, and the measurement paradox disappears. The resulting theory 
reproduces the standard predictions within a closed universe. 

Let us begin by formulating Schrodinger dynamics in a way that closely 
resembles classical dynamics. Let $ be a separable Hilbert space of wave- 
functions, the components of which in some basis may be written ijjj = (pj + 
iqj)/\/2. The transformations of Schrodinger dynamics are one parameter 
subgroups of the unitary group which we can write in the form 

i> - = e~ itH fa (la) 

where H is a hermitian matrix. Now compare this kind of transformation of 
tp with what we would obtain if \1/ were a phase-space instead of a Hilbert 
space. We can pretend that the g/s and p^s are coordinates and momenta 
and subject ip to one-parameter sub-groups of the group of canonical trans- 
formations. These are generated by functions V of the pj's and q/s or 
equivalently of the ^-'s and ipVs by the rule 

^ _> fa = e - UAdr if;, (16) 
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where Ad acts by the Poisson bracket: 



Ad A B = i 




dA dB dA dB 
dq k dp k dp k dq k 




dA dB dA dB 

dipl dtp k dipk dip* k 



) 



(lc) 



(For notational convenience this definition of the Poisson bracket differs from 
the usual one by a factor of i.) 

The transformations of the metaplectic group M. are generated by quadratic 
forms r(V>*, ip) in the components of ip and ip*. They transform components 
of ip into linear combinations of components of both ip and ip* in general. 
The subgroup M. Q of M. has generators of the form 



jk 

where if is a hermitian matrix. These transformations transform components 
of ip linearly without mixing in components of ip* . One then verifies that 



Comparing this with (la) we see that all of Schrddinger dynamics can be 
described by one-parameter sub-groups of M. Q acting on ip when we treat it 
as a point in a phase-space rather than a vector in a Hilbert space. This way 
of representing Schrddinger dynamics is not restricted to wave- functions with 
discrete indices. For example a spatial wave-function ip(x) can be treated like 
a classical field with sums over indices replaced by integrals and the Poisson 
bracket defined with variational derivatives. 

The one-parameter subgroups of M. that are outside of M a have no coun- 
terpart in Schrddinger dynamics. They have generators of the form 




(2) 




ipj = (e 



-itH 



•VOr 



(3). 
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These transformations transform components of ip and ip* among one an- 
other. They are therefore linear only on real linear combinations. We shall 
first show that processes of this kind describe what happens in the simplest 
kind of classical mesurement. This will motivate us to extend quantum dy- 
namics so that ip can transform under the analogue of the full metaplectic 
group thereby providing a way to incorporate quantum measurement into 
the theory. 

In the simplest classical mesurement the object system and measuring device 
will each have a single complex degree of freedom with phase-space coordi- 
nates A = (p + iq)/y/2 and p = (P + iQ)/y/2 respectively. The task of the 
measurement process is to resolve distinct object states and thereby assign 
values of A to them. We assume that we know how to do this for states of the 
measuring device provided that \p\ is sufficiently large (macroscopic). We 
therefore seek an interaction between object and device which, when strong 
enough, makes orbits of p for distinct initial A diverge to any desired extent. 
Moreover it must do so in a time that can be made arbitrarily small so that 
other dynamical processes that might be present can be neglected. 

Let us see how this can be accomplished. Consider the orbit of ip = (A, p) 
under the one-parameter metaplectic subgroup generated by 



w = v (\py + v *(\p), 



(5) 



where rj is a complex parameter. From (lb) we obtain: 



ip -> ip t = e 



-itAdW 



(6) 



A t = A cosh(|?7|t) + p*e 



i arg 77 



smh(\rj\t), 



p t = pcosh(\r]\t) + AV arg "sinh(|?7|t). 



(7) 
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To use this process to perform the task of assigning values to the object 
coordinates, choose the initial device coordinate (the "ready" state) to be 
fx = so that 

A t = Acosh(|r/|t), fx t = A* e iarg77 sinh(|?7|t), (8a) 

|Vt| 2 = |A 2 + \fx t \ 2 \ = |A| 2 cosh(2|r/|t). (86) 
Comparing the fx orbits for two initial choices A^ 1 ) and A^ 2 ) of A we have 

l^ 1 ) - ^1 = \\W - A (2) | sinh(|r/|t). (8c) 

Thus no matter how close the initial values A^ 1 ) and A^ 2 ^ might be, we can 
choose 1 7/| sufficiently large that the distance between the device coordinates 
at time t becomes as large as we please as quickly as we please. Thus fx t 
becomes a macroscopic pointer from which (8a) gives the initial value of A 
if 7/ is known. Since the process is a group, there is an inverse by which 
the initial A can be restored after the determination of fx t . Moreover, by 
choosing a sufficiently large |t/|, this can be done so rapidly that any other 
dynamical processes that may be acting can be ignored. Thus the availability 
of non-unitary metaplectic processes makes the phase space coordinates a 
determinate property of a classical system. 

Let us contrast this with quantum mechanics. In the Dirac formulation we 
have the projective map from ip e ^ (excluding ip with 1^1 = 0) to unit state 
vectors 

V,->$)=V>/|# (9) 

There is a non- vanishing probability that a system with state vector \ip) 
will pass a filter for a system with a different state vector \<j>) unless the two 
vectors are orthogonal. Thus only orthogonal states can be perfectly resolved. 
To deal with this, the orthodox (Dirac-von Neumann) theory introduces 
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the notion of "observables" defined by hermitian operators. An observable 
does not have a definite value until it is measured unless the system is in 
an eigenstate. The problems that arise from this interpretation, e.g. the 
unexplained collapse mechanism and the existence of grotesque macroscopic 
superpositions ("Schrodinger cats"), are familiar 2 ' 3 . What is needed is, as 
J.S. Bell 4 put it, a theory of "be-ables" rather than "observables" in which 
objective properties are assigned to systems. 

To treat ip as an assignable property of a classical system we made use of the 
metaplectic transformation that caused phase space distances between dis- 
tinct ^'s to become arbitrarily large. Such transformations have no quantum 
counterpart if we use the Dirac map (9) because no change in the state vector 
\ip) occcurs when ip is multiplied by a scale factor r > 0. The justification 
for (9) is that since \Rip\ = \ifj\ for unitary transformations, 



which insures that Schrodinger dynamics, which acts on wave-functions and 
implements the superposition principle, transfers properly to state vectors. 
Dirac 5 defends the inability of (9) to represent processes that scale the 
wave-function by asserting that the norm has no physical meaning. Our 
sought-after extension of dynamics to include non-unitary processes will give 
physical meaning and thereby justify modifying (9). Thus our first task 
is to show that (9) can be replaced by a map that preserves (10) for unitary 
transformations while permitting the representation of processes in which 
the norm changes. 

For each ip in the Hilbert space \P let there correspond a unitary operator 
U(ip) on a Hilbert space f) such that U(0) = I. Let |0) be a distinguished 
unit vector of f) which will be called the "vacuum" . The map 



(10) 




(11) 
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will then define a unit vector associated with ip. One may think of tp as the 
"instructions" for creating the state from the vacuum. 

Let T be the set of unit vectors in \) that correspond to some ip e Unlike 
Dirac kinematics, not every unit vector in f) is necessarily a member of T . 
The set T will be a manifold, but, since linear combinations of unitary 
operators are not in general unitary, it will not be a linear space. Hence there 
must be a constraint on the form of U (ip) to insure that the superposition 
principle, which holds in the Hilbert space is properly implemented in T . 
Intuitively the superposition principle says that we should be able to make 
the state \ip^ + tp( 2 >) from the operations used to make \ip^) and {ip^). 
This suggests that U(ip) be required to satisfy 

U^W + ^,(2)) = e^Ui^^U^)), (12) 

in which the phase 6*12 may depend on the ^'s and their order. 

Equation (12) is the defining relation for the Weyl-Heisenberg group 6 . We 
shall take it to be the fundamental condition defining the symmetry of the 
theory, i.e. the group of allowed transformations. A transformation ip — > gip, 
where g is not necessarily linear, will be allowed if (12) remains valid (with 
the same phase) if ip is replaced by gip. It suffices for this that there exist a 
unitary operator V g on I) such that 

Uijrt) = VgUMVj. (13) 

Below we will explicitly construct V^'s for one-parameter subgroups of the 
metaplectic group, thereby showing that (12) is consistent with an extension 
of dynamics to that group. 

The Stone-von Neumann theorem tells us that all of the representations of 
(12) are obtained up to unitary equivalence (13) by tensoring Fock represen- 
tations together. Fock representations are obtained by choosing a basis and 
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exponentiating the Heisenberg algebra, i.e. 

U[$) =e^ a '- r - a (14a) 

in which 

ip ■ a f = Vial + ^4 H > ( 14 °) 

where the a's and their adjoints are operators on f) such that: 

[di, aj] = 0, [ai, a]] = (15a), 

One then verifies that (12) holds with 

12 = Jm(^ (1) * • V (2) ). (156a) 

To define the state we must specify the vacuum state |0) which we take 
to be the tensor product of the states annihilated by the a/s so that 

aj \0) = Vj. (16a) 

It then follows that 

(0|V>) = e- w2/2 , (166) 

whence from (12) 

(^(1)^(2)) = e i^ e -\^-0^?l\ (16c) 

Equation (16c) relates the geometry of T to the geometry of It shows 
that the effect on T of successive dilation of the phase space ^ is to make 
all of its vectors approach mutual orthogonality. Observe that since not all 
unit vectors of f) are in T there is "room" for the vectors of T to approach 
mutual orthogonality. 

The appearance of bose operators in (14a) does not mean that this formal- 
ism applies only to systems with bose statistics. For fermionic systems we 
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need only restrict the Hilbert space $ be a space of anti-symmetric wave- 
functions. Also, as remarked earlier, one is not restricted to discrete indices. 
For example to construct U(ip) for states described by spatial wave-functions 
ip(x) we understand ip* ■ a to mean an integral over x with operators a(x) 
satisfying [a(x), a(yy] = S(x — y)I. 

We can see quite simply why the metaplectic group preserves (12): Since in 
general its elements transform components of ifj linearly into components of 
both ip and ip*, they act linearly on real linear combinations such as the one 
that appears in the argument of U on the left side of (12). Moreover one 
readily verifies that to leave the Poisson bracket invariant the coefficients a, f3 
in ip — * cofi + (3ifj* must also leave the imaginary part of the scalar product 6*12 
(16a) invariant. The unitary subgroup M Q leaves the scalar product itself 
invariant. 

We can explicitly construct the transformations Vj that implement one- 
parameter subgroups M t of M. as follows: Let M t act on ip by (lb) with 
the quadratic generator T(ip*,ip). The algebraic relationship between com- 
mutator brackets and Poisson brankets is such that we have the identity: 

U(M t i(;) = V t U(iP)V t \ (17a) 

V$ = e -« :I W) : . (176) 

Here T(a, af) is obtained by substituting a for ip* and a) for tp in the quadratic 
form T(ip 7 ip*). The colons indicate normal ordering (putting a^'s to the left 
of a's). What makes (17) work is that the transformation of (14a) by V } s of 
the form (17b) transforms the bose operators in the exponent by 

a -> VaV ] = Aa + Bat, (18) 

in which the matrices A, B are such that the Heisenberg algebra structure is 
preserved 1 . 
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We shall be interested in the orbit of the quantum state corresponding to 
the orbit of if) under M t . We have 

hk> = £W)|0>, U t {^) = U{M^). (19) 
From (17) we have the generalized Schrodinger equation 

d t u t (ip) = -iAdru t (ip), (20) 

where Ad acts by the commutator, i.e. 

AdA ■ B = [A, B]. (21) 

It reduces to the usual Schrodinger equation when T is a generator of the uni- 
tary subgroup Mo- To see this observe that corresponding to the generator 
(2) we will have, according to (17b), an operator T of the form 

H = ^a}H jk a k , (22) 

jk 

which annihilates |0), so that e~ ttH leaves |0) invariant. Hence applying 
(17a) to |0) we obtain 

\ e - iHt iP) = e- itH \iP). (23) 

Thus the property (10) of the Dirac map needed for the implementation of 
Schrodinger dynamics is preserved. Indeeed we obtain the usual Schrodinger 
equation 

dM = -m\^ t ) (24) 

when transformations are restricted to the unitary subgroup M. Q . 

We are now able to construct the quantum mechanical analogue of the clas- 
sical measurement process described in equations 6-8. The generalization of 
(5) for a multi-dimensional phase-space is 

W = y^7fc(Aj/ij)* + complex conjugate. (25) 

j 
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Assuming again that the ready state of the device corresponds to \x = the 
orbit will be \ifj t ) with ip t = (X t ,fi t ) where 

X jt = Xj cosh(|7fc|*), n jt = A*e iarg ^ sinh(| % |t). (26) 

Suppose that we let \rjj\ have the same value \rj\ for all j. If ip\ and are 
the orbits corresponding to different initial values A 1 and A 2 of the object 
system we have from (16c) 

|(^i|^ 2 )| 2 = e- |Al - A2|2cosh(2|?7|t) (27) 

which tends to zero in a super-rapid way since a hyperbolic function appears 
in the exponent. Given any lattice on the object phase space, no matter 
how fine, and any e > 0, we can choose a sufficiently large \r)\ that all scalar 
products (27) between states corresponding to distinct lattice points become 
smaller than e at a time t which can be made arbitrarily small. Thus the effect 
of the interaction is to make the set of state vectors associated with distinct 
A's on the lattice become mutually orthogonal to any desired approximation. 
The set thus becomes classical in the sense that all propositions have only 
yes-no answers except for fluctuations of negligible probability. Thus as in 
the classical case we can in principle read the coordiates \ijt for all j of the 
device and thereby deduce Xj from the relation 

V jt = e ir >i X* smh(\r}\t) (28a) 

provided that \rj\ and argrjj are known. If we do not know \rf\ or the phases 
of r)j we can nonetheless determine the ratios 

lA./Afcl 2 = \ix jt /m\ 2 - (286) 

Being a group, the process generated by W is reversible, so we can assign 
initial A- values to object states and return to those states in a short enough 
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time that the effect of other dynamical processes that might be present can 
be neglected. 

We have now established that the metaplectic extension of Schrodinger dy- 
namics introduces non-unitary processes by which the wave-function of an 
object system becomes a determinate property of the system on the same 
footing as the phase-space coordinates of a classical system. In the extended 
theory the norm has physical meaning which we explore next. 

Let us first observe that there is a sense in which the Dirac map (9) is the 
limiting form of (11) for \ip\ — > 0. To see this note that when (9) is used there 
can be no state corresponding to ip = whereas with (11) this corresponds 
to the vacuum |0). We therefore examine the normalized projection \ip±) of 
\ifj) in the direction orthogonal to the vacuum. From (16b) one obtains 

\1>±) = (|V>> - e-^ 2 / 2 |0»/(l - e-l^l 2 ) 1 / 2 . (29) 

From (11) and (14a) we have 

$) = lim = $-at)\Q), V> = V/|# ( 30 ) 

Thus 

($\$) (31) 

which identifies the states as the Dirac states defined by (9). Hence 

i<m - { !*! - . 02) 



oo 

so that | ■?/>_!_) interpolates between states with small that act quantum 
mechanically and states with large that act classically. Thus the norm 
is a measure of the "classicality" of the system. 

It follows from (12) that for any integer n 

UW = (U(^/n)) n (33) 
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so that the states with large norm can be created by repeated application 
of the creation operator U for a state with an arbitrarily small norm. This 
suggests that U(ip) can be interpreted as the creator of a "beam" of copies of 
the quantum state defined by ip, with an intensity given by some monoton- 
ically increasing function of the norm. We can deduce this function 

as follows: If ifj a , ifj b belong to orthogonal subspaces of ^ so that U( r ip a ) and 
U{ip h ) commute, there will be no interference when the beams they create 
are combined. Hence the intensities simply add. Thus from (12) 

i(\r+^ b \) = i(\r\) + n\^ b \), (34) 

whence except for an arbitrary choice of scale we must set 

WI) = H 2 - (35) 

In the standard description of quantum measurements each complete set of 
commuting observables defines a basis in \1/ considered as a Hilbert space, 
namely the basis in which they are all diagonal. This determines a decom- 
position 

</> = £> j (36) 

3 

in which ^ is the projection of ip on the one-dimensional subspace deter- 
mined by the j'th basis vector. It follows from (12) that the operators U(ip J ) 
mutually commute and that 

L/(V0 = nW)- (37) 

3 

Thus each complete set of commuting observables defines a factorization of 
U(ip) in which the factors represent non-interacting beams. The intensity of 
the beam created by U (ip) will be the sum of the intensities of the constituent 
beams. 

13 



Corresponding to the factorization (36) there will be a factorization of the 
vacuum state into a tensor product of states |0, j) annihilated by cij. Defining 

N 3 =a)a 3 , N = J2Nj, (38) 

i 

we see that the Nj's form a complete set of commuting observables. From 
(14,15) 

a,#> (39) 
whence we obtain the expectation value 

N~ k = (^\N k \^) = |^ fc | 2 (l - e-l^l 2 )" 1 - { lf*£ M "> °' . (40) 

I \Vk\ , \W\ -»• 

Thus in the quantum limit iVfc can be interpreted as the probability of a copy 
being in the fc'th subbeam whereas in the classical limit it coincides with the 
intensity of that subbeam. 

Let AiVjt be the dispersion of N k in the state \ipi_). Then one verifies that 

AN k /M^l/m for IVI-oo. (41) 

This goes to zero for any k for which if) k ^ 0. Thus there is a sharp value 
of iVfc, in the /c'th subbeam, namely the intensity \ifjk\ 2 of the subbeam. Ra- 
tios of these intensities then give the ratios \ipk/fpj\- As we saw in (28b) it 
is these ratios that we can obtain in the quantum analogue of the classical 
measurement process when we cannot control the amplification parameter 
rj. Thus if we knew how to implement the amplification process generated 
by W but could not control rj, the information we would obtain about the 
state would be identical to the information obtainable by comparing sub- 
beam intensities when the intensities are large. This is precisely what we 
predict from quantum measurements as they are described in the orthodox 
formulation. 
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The operator N commutes with all generators of the form (22) and therefore 
defines an observable that is constant for all Schrodinger processes. The 
expectation values of N and N 2 in \ip±) are given by 



N = |V'| 2 (1 — e - !^' 2 ) -1 , N 2 = (\i;\ 4 + \ij\ 2 )(l-e-W 2 )- 1 . (42) 



Thus if we interpret N as a "counter" for the number of copies in the beam, 
the quantum limit has one copy while the classical limit has a large number 
indicated by \ip\ 2 . If AN is the dispersion we then find from (42) that AN/N 
tends to zero both for — > and — > oo. It has a maximum of ~ 0.55 at 
\tfj\ ps 1.8. Thus this ratio provides a "marker" for the transition from the low 
intensity quantum mechanical regime to the high intensity classical regime. 

We have now shown that Schrodinger dynamics can be embedded in a larger 
framework that enjoys the full metaplectic group as its symmetry group 
and that the extension incorporates a quantum analogue of the classical 
measurement process. The wave- function ifj becomes a determinate property 
of systems such that those with small \ifj\ behave quantum mechanically and 
those with large \tfj\ behave classically. In the latter case 2 is the intensity 
of a beam consisting of copies of the state described by the unit vector -0. 

The processes of the extended theory obey a generalized Schrodinger equa- 
tion which reduces to the usual Schrodinger equation for unitary processes, 
so that the predictions of the standard theory are unaltered. It is no longer 
necessary to formulate the theory in terms of observables which only have 
values when they are measured. Hence the measurement paradox disappears, 
and it is possible to construct a closed universe governed by the generalized 
Schrodinger equation. 



Note that 




\ifj\ — > oo 



(43) 
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